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MG DAU

1. Lich st van dé va 1y do chon dé tai

Can bang 1a mot trang thai ma van vat trong tu nhién luon huéng t6i, bdi 1¢& khi
dat dugc trang thai can bang thi moi sy vat sé c6 duge sy ton tai lau dai va bén viing
nhat. Trong vat 1y, mot hé cac vat c¢6 duge trang thai can bang khi hop Iyc tac dung
len ching bi triet tieu. Trong sinh hoc, trang thai can bang ctia mot hé sinh thai dat
duge khi lugng thi sin moi va lugng tht moi c6 ty 1é tuong dong nhau. Trong kinh
té, mot thi truong mua ban dat trang thai can bang khi luong cung bang luong cau.
Ngoai ra thuat ngit can bang con dudc st dung trong nhiéu linh viic khac nhau nhu
hoéa hoc, sinh hoc, kj thuat, v.v...

Trong toan hoc, mo hinh can bing dugc xem 1a mot su phét trién tiép theo clia bai
toan bat ding thic bién phan va 1y thuyét téi wu véi nhiéu cht thé tham gia. Trong
d6, mdi chit thé c6 nhitng muc tieu khac nhau tham chi 1a déi lap nhau. Do do, dé
tim mot phuong an toi wu cho tat ca cac cht thé la diéu khong thé. Trong tinh hudng
nay mot khai niem can bang, dac biét 1a khai niem diém can bang Nash, d& duge chap
nhan hon. Do vay, mo6 hinh can bang rat hitu ich trong viéc phan tich két qua cac tinh
huéng canh tranh, viéc giai cdc mo hinh can bing c6 thé gitp ching ta tim ra giai
phap giai quyét cac mau thudn vé quyen lgi clia cac cht thé tham gia.

Mo hinh bai todn can bang, viét tat, EP(C, f) c¢6 dang:

Tim z* € C sao cho f(z*,y) >0, VYyeC,

& day, C 1a mot tap con 16i déng khac rong ctia khong gian Hilbert thye H, f 1a mot
song ham tit C' x C' vao R théa man diéu kién can bang f(z,z) = 0, v6i moi z € C.

Bai toan EP(C, f) dugc gidi thieu dau tien bdi H. Nikaido va K. Isoda vao nam
1955 trong bai bao: "Note on non-cooperative convexr game". T6i nam 1972, né tiép
tuc dudge Ky Fan nghién ctu dudi tén goi bat dang thic Ky Fan. Tuy nhién hon 20
nam sau, khi cac két qua nghién cttu cia L.D. Muu, W. Oettli dugc cong bd vao nam
1992 va E. Blum, W. Oettli dugc cong bd vao nam 1994, thi bai toan nay mdéi thuc
sy thu hut duge st chii ¥ ctia nhiéu nha nghién citu. Trong bai bao ciia minh, cac tac
gia L.D. Muu, W. Oettli ciing da chi ra rang bai toan EP(C, f) chinh 13 mot mo hinh
tong quat cho nhiéu 16p bai toan quan trong nhu bai todn t6i wu OP(C, h), bai toan
bil, bai todn bat dang thiic bién phan da tri MV I(C, F), bai toan t6i uu véc to, bai
toan diém yén ngua, bai toan can bang Nash trong tro choi khong hop téc, ... Do
vay, bai toan can bang EP(C, f) khong nhiing c¢6 ¥ nghia vé mat 1y thuyét ma né con
mang nhiéu ¥ nghia trong tng dung. Mot ting dung noi bat va tao dudce tiéng vang 16n
14 can bang kinh té Nash-Cournot dugde nha toan hoc J.F. Nash dua ra du6i dang mé
rong ctia mo hinh tro choi bat hop téac. Két qua nghién cttu nay dude trao gidi Nobel
ve kinh té nam 1994.



Ngay nay, bai toan can bang EP(C, f) da duge tong quat héa va phat trién theo
nhicu huéng nhu bai toan can bang véc to, can bang da tri, bai toin can bang trén tap
nghiém ctia bai toan t6i wu, tim diém chung ciia bai toan can bing va bai toan diém
bat dong, bai toan can bang trén tap nghiém bai toan bat dang thic bién phan, bai
toan bat dang thiic bién phan trén tap nghiem bai toan can bang. Dac biét, thoi gian
gan day bai todn can bang hai cap BEP(C,g, f) nhan dugc sy quan tam ctia nhiéu
nha nghién cttu nhu cia cac nhom tac gia P.K. Anh va cong sy; P.N. Anh va cong
sy; G.C. Bento..., béi tinh méi trong 1y thuyét va cac iing dung trong thyc tién. Thuc
té chi ra ring, moéi san pham trong thi truong dugc san xuat béi nhidu cong ty khac
nhau trong ca nuéc. Mbi diém can bang Nash 1a mot phuong an t6i wu nhat dé 1gi
nhuan cac cong ty dudgc cao nhat. Tuy nhién, nha nuéc can mot ham can bang kinh
té vi mo dé dicu tiét nén kinh té clia cd nuée. Nhu vay, mot mo hinh can bing trén
tap cac diem can bang (diém can biang Nash) 1a mot ting dung quan 1y kinh té thuec
tién ciia bai toan cung-cau trong nén kinh té thi truong. Mo hinh bai toan can bang
hai cip BEP(C, g, f) dugc phat biéu nhu sau:

Tim & € Sol(C, g) sao cho f(z,y) >0, Yy € Sol(C, g),

trong do, f va g la cac song ham tit C x C' vao R va thda man diéu kién can bang
f(z,z) = g(xz,x) = 0, v6i moi xz € C, Sol(C,g) la tap nghiém ctia bai toan can bang
sau

Tim x* € C sao cho g(z*,y) >0, Vy € C.

Nhu vay BEP(C, g, f) 13 mot bai toan can bang vé6i tap rang buoc la tap nghiém
clia mot bai toan can bang khac va ciing 1a mot dang ciia bai toan hai cap. Bai toan
nay dugc dé cap dén lan dau tién bdi O. Chadli va cac cong s vao nam 2000. Bai
toan BEP(C, g, f) dudc xem la tong quat héa ciia nhidu 16p bai toan hai cap trude
d6 nhu bai toan téi wu hai cap, bai toan bat dang thic bién phan hai cap, bai toan
can bang trén tap bat dong, bai toan can bang trén bat dang thic bién phan, ... Mot
s6 truong hop dac biét clia bai toan can bang hai cap c6 thé 4p dung cho cac mo hinh
thuc té. Chang han, bai toan bat dang thic bién phan trén tap diém bat dong cta
anh xa khong gian dugc ap dung cho bai toan diéu khién cong suat ctia mang CDMA,
dugce gidi thieu béi H. Tiduka (2012), bai toén xit 1y tin hiéu.

Bai toan can bang hai cap c¢6 hai huéng nghién citu chinh. Huéng thit nhat, nghien
ctu vé su ton tai va tinh chat ctia tap nghiem ching han trong nghién ctu ciia X.P.
Ding. Huéng thit hai, nghién cttu dé xuat cidc thuat toan giadi va tinh toan trén may
tinh nhu trong nghién citu ctia Z. Chbani, H. Riahi (2015), P.N. Anh (2019), G. Li
(2022)... Hién nay, nghién citu cac thuat gidi hitu hi¢u gidi bai toan can bang hai cap
rat dude quan tam, tuy nhién mot van dé kho ciia bai toan can bang hai cap la tap
rang buoc khong dude cho dusi dang hién. Do vay, cac thuat toan gidi bai toan tdi uu,
bai toan bat dang thic bién phan va bai toan can bing thusng khong dude ap dung
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mot cach truc tiép cho bai toan can bang hai cap. Ching toi diém lai mot s6 thuat
toan hitu hiéu dé giai bai toan can bang hai cap. Thuat toan diém gan ké dudc dé xuét
dau tien béi B. Martinet giai bai toan bat ding thiic bién phan va dude nghién ctu mé
rong cho bai toan tim khong diém ctia anh xa don diéu cuc dai béi R.T. Rockafeller.
Cac huéng nghién citu nay cling duge mé rong béi A. Moudafi va 1.V. Konnov giai bai
toan can bing. Nam 2010, A. Moudafi tiép tuc mé rong dé giai bai todn can bang hai
cap BEP(C, g, f). Thuat toan dugc viét chi tiét nhu sau:

2°ecC, k=0
Tim 2**t! € C sao cho: (1)

F@* ) + epg(a™y) + L(ah T — 2k y — 2T >0, vy e C.

Tk

trong d6 {ex} va {ry} 1a cac day s6 thuc duong. Thuat toan (1) duge viét dudi dang rat
don gian, tuy nhién c6 hai van dé kho6 phat sinh trong thuat toan (1). Van dé thit nhat,
tai mdi bude lap k, thuat todn can giai chinh xac nghiém ctia bai todn can bang phu.
Van dé thit hai 14 st hoi tu clia thuat toan can doi hoi gia thiét |25 — 2F|| < o(ep).
Khi dé, tac gia chi ra ring day lip z* hoi tu yéu t6i mot nghiem ciia bai toan can
bang hai cap trong khong gian Hilbert thyc. Mot tiép can khac, nguyén 1y bai toan
phu duge G. Cohen gi6i thieu dau tién cho bai toan téi utu va md rong cho bai toan
bat dang thic bién phan. Nam 2000, trong nghién citu ctia minh, G. Mastroeni da mé
rong nguyéen 1y bai todn phu cho bai toan can bang EP(C, f). Thuat toan c6 dang

22eC, k=0
gkt = argmin{)\f(:ck,y) + %Hy — 93k||2 cyeCh.

(2)

Day lap {2*} trong thuat toan (2) hoi tu dudi gid thiét song ham f don diéu manh
va lien tuc kiéu Lipschitz. Thuc té gia thiét don dieu manh la rat chat. Dé khic phuc

diéu nay, T.D. Qudc va céc cong su dé xuat thuat toan dao ham ting cuong

22eC, k=0
y¥ = argmin{\f(z*,y) + L|ly — 2*||> 1 y € C} (3)
M = argmin{\ f(y", y) + 3|y — 2*||* 1y € C}.

Day lap {#*} xac dinh béi (3) hoi tu trong khong gian hitu han chiéu dudi gia thiét
song ham f gid don diéu va lien tuc kiéu Lipschitz. Thuat todn dao ham tang cuong
dugde tiép tuc md rong trong mot so6 két qua gan day nhu trong nghién cttu ciia Y.
Liu, H. Kong (2019), T.D. Quoc, P.N. Anh, L.D. Muu (2012),... Chiang t6i nghién citu
thuat toan dao ham tang cuong md rong cho bai toin can bang hai cap va dat dudc
két qua trong chuong 3 clia luan an. Tiép can thit 3, phuong phap chiéu dusi dao ham
duge st dung cho bai toan bat dang thiic bién phan hai cap dau tien bsi P.E. Maingé.
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Nam 2011, P. Santos va cong su da ap dung thuat toan chiéu dusi dao ham xap xi giai
bai toan can bang EP(C, f). Day lap cia thuat toan duge viét dudi dang

2eC, k=0

g" € O f(ah,2%), an = 3¢, = max{py, |91} (4)

aF = Pré(ak — apgh).

Uu diém ctia thuat todn chiéu dudi dao ham xap xi (4) la thuat toan chi tinh mot
phép chiéu va tinh toan dudi dao ham xap xi tai moi bude lip.

Cac van deé 16n dugce dit ra khi nghién cttu cac thuat toan gidi bai toan can bang
hai cap 6 day la:

- Van dé thit nhat, tim nghiém chinh x4c clia cic bai toan phu trong cic thuat toin
lap da c6. Diéu nay khong phai dé trong cac truong hop bai toan phu 1a cic bai toan
can bang hoac cac bai toan bat dang thic bién phan;

- Vin dé thi 2, sut hoi tu clia cac diy lap trong cac thuat toan giai bai toan can bang
hai cap doi héi gia thiét kha manh trén cac song ham nhu gia thiét don diéu manh va
lien tuc kiéu Lipschitz;

- Van dé thit 3, bai toan can bang hai cap 14 mot dang bai toan can biang v6i mién
rang budc 1a tap nghiém ctia mot bai toin can bang khac. Khi 4nh xa gia clia mién
rang buoc 1a anh xa gid don diéu, tap nghiém rang buoc 14 mot tap 16i. Tuy nhiéen,
tap nghiém rang budc khong duge cho duéi dang hién. Hon nita, ban than bai toan
can bing hai cap 1a mot bai toan rat tong quat trong Ly thuyét toi wu. Chinh vi vay,
bai toan can bang hai cap 1a mot bai toan hai cap kho giai va thuat toan gidi bai toan
can bang hai cap duge nghién cttu kha han ché so v6i cac mo hinh toan hoc khac;

- Van de that 4, nhu ta da biét, phuong phap chiéu 1a mot cong cu rat pho bién trong
viéc giai bai toan bat dang thic bién phan noéi chung va bai todn can bang néi rieng.
Viéc 4p dung phuong phap nay cho bai toan can bang hai cap van 1a mot huéng nghién
cttu mé va ¢6 ¥ nghia tinh toan trén may tinh v6i rat nhiéu mo hinh thuc té.

Véi céc Iy do trén, de tai luan an "Céc phuong phap chiéu md rong gidi mot sb
16p bai toan can bang hai cap" 1a mot dé tai c6 tinh thoi sy cao va c¢6 ¥ nghia trong
Ly thuyét toi wu noi rieng va chuyen nganh Giai tich néi chung. Trong luan an nay,
ching t6i da nghién cttu md rong thuat toin chiéu dudi dao ham xap xi giai bai toan
can bang hai cap. Thuat toan va phan tich sy hoi tu ctia n6 dude ching toi trinh bay
chi tiét trong chuong 2 va chuong 3. Mot tiép can thi 4 13 tiép can DC giai bai toan
can bang trén tap nghiém ciia bai toan bat ding thic bién phan affine dude ching toi
nghién cttu va dé xuat mot thuat toan nguyen 1y bai toan phu DC dang hién méi. Tai
moi buée lap ching toi chi doi héi gidi mat bai toan 16i manh va mot bai todn quy
hoach toan phuong. Thuat toan dudc tinh todn mot cach hitu hieu véi cac vi du s6
thuc hién trén phan mém MATLAB.



2. Muc tiéu nghién ciu

Muc tiéu ctia luan an 1a nghién cttu dé xuat cac thuat toan mdéi gidi mot sd 16p

bai toan can bang hai cap. Cu thé nhu sau:

e Nghién ctu dé xudt thuat toan chiéu dusi dao ham va thuat toan chiéu tong

quat két hop vé6i ki thuat quan tinh cho bai toan can bang hai cap don diéu.

e Nghién cttu mé rong thuat toan dao ham tang cuong cho bai toin can bang trén

tap nghiém ctia bai toan can bang hén hop.

e Két hop phuong phap chiéu tong quat va ki thuat phan tich DC, dé xuat thuat
toan méi gidi bai toan can bang trén tap nghiém ciia bai toan bat dang thic

bién phan affine.

e Trien khai cac tinh todn sé minh hoa cho céc thuat toan dé xuat, so sanh véi

céc thuat toan da co6 va tng dung cho mo hinh can bang kinh té Nash-Cournot.

3. D6i tuong va pham vi nghién ciru

Déi tugng nghién ciu: D61 tugng nghién citu clia luan an 1 16p cac bai toan can
bing hai cap trong khong gian Hilbert thue. Cu thé: Bai toan can bang véi rang
budc 1a tap nghiém ctia bai toan bat ding thic bién phan, bai toan can bing
v6i rang buoc 1a tap nghiém ciia bai toan can bang khéc, bai toan can bang véi
rang buoc la tap diém bat dong giao v6i tap nghiém clia bai toan can bing khéc.
Mot s6 mé hinh thuc té.

Pham vi nghién ciu: Luan an tap trung nghién cttu dé xuat thuat toin mdi, cai
tién phuong phap xap xi nghiém cho bai toan can bang hai cap véi trong tam la
md rong phuong phap chiéu, phuong phap dao ham ting cuong, phuong phap
phan tich DC, ... Chitng minh sy hoi tu ctia thuat toan, phan tich sai sd tinh
toan trong mot sé truong hgp cu thé.

4. Phuong phap nghién ciu

Dé dé xuat thuat toan méi va ching minh sy hoi tu ctia day lap giai bai toan
can bang hai cap, ngoai viéc st dung cac ky thuat co ban trong giai tich, gidi
tich 161, gidi tich da tri va gidi tich phi tuyén, ching to6i dya trén cic phuong
phap da ducc st dung trong bai toan tbi wu, bai toan bat déng thic bién phan
nhu phuong phap chiéu dusi dao ham, nguyén 1y bai toan phu, phuong phap
dao ham tang cuong, phuong phap diém gan ke,. ..



5. Keét qua cua luan an
Mot s6 két qua méi da dat dude ciia luan an nhu sau:

e Dé xuét hai thuat toan kiéu chiéu méi va chiing minh su hoi tu ctia n6. Thuéat
toan thit nhat gidi bai toan don diéu manh vé6i rang budc can bang don diéu.
Thuat toan thit hai sit dung k¥ thuat chiéu tong quat va ki thuat quan tinh giai
bai toan can bing trén tap diem béat dong giao véi tap nghiém ctia bai todn can

bang khac.

e Dé xuat thuat toan dao ham tang cuong gidi bai toan can bang trén tap nghiém

ctia bai toan can bang hon hop va chiing minh sy hoi tu ctia thuat toan.

e Stt dung k¥ thuat phan tich DC va phuong phép chiéu tong quat, dé xuat thuat
toan mdi gidi bai todn can bing trén tap nghiém ctia bai toan bat déng thic
bién phan affine.

e Thuc hién cac tinh todn sd minh hoa cho cac thuat toan da dé xuat, so sanh véi
cac thuat toan khac, 4p dung cho mo hinh can bang kinh té Nash-Cournot.

6. Bo cuc cua luan an

Ngoai phan mé dau, danh muc cong trinh khoa hoc clia tac gia lien quan dén
luan 4n, danh muc tai lieu tham khdo va két luan, luan an dugc trinh bay trong 4
chuong:

Chuong 1. Bai toan can bang hai cap
Chuong 2. Phuong phéap chiéu duéi dao ham
Chuong 3. Phuong phap dao ham tang cucng

Chuong 4. Nguyén ly bai toan phu DC



Chuong 1

BAI TOAN CAN BANG HAI CAP

Muc dich ctia chuong nay 1a ching toi nhic lai mot s6 khai niém ciing nhu nhitng
két qua da biét trong gidi tich ham, dic biet 1a gidi tich 16i, 1a kién thiic co s6 cho cac
chuong sau. Bén canh d6, khai niém vé bai toan can bang hai cap, cac bai toan lién
quan, diéu kién ton tai nghiém va mot so6 phuong phap gidi thuong giap cho bai toan
bai toan can bing hai cAp nhu phuong phap diém gan ké, phuong phép st dung nguyén
Iy bai toan phy, phuong phéap chiéu ciing duge ching toi trinh bay trong chuong nay.
Noi dung ctia chuong 1 dude viét tham khdo mot s6 két qua trong H.H. Bauschke,
P.L. Combettes (2011), J. Peypouquet (2015), R.T. Rockafellar (1970).

e Muc 1.1 Trinh bay mot s6 khai niém va mot vai két qua co ban duge dung cho

cac chuong sau.

e Muc 1.2 Dinh nghia bai todn can bang hai cap. Dé cap mot so6 bai toan lién
quan, sy ton tai nghiem va mot s6 thuat gidi thuong gip cho bai toan can bang

hai cap.



Chuong 2

PHUONG PHAP CHIEU DUGI PAO HAM

Noi dung ciia chuong nay duge viét dua trén hai bai bao [CT1] va [CT4] trong

Danh muc cong trinh khoa hoc ciia tac gia c6 lien quan dén luan an.

2.1 Thuét toan chiéu dudi dao ham xap xi

Nam 2011, P. Santos va cong su da dé xuat phuong phap chiéu dudi dao ham xap
xi (két hop ciia dudi dao ham xap xi va phuong phéap chiéu) cho bai toan EP(C, f),
trong d6 tai mdi buéc lip chung ta chi can tinh dué6i vi phan xap xi clia mot ham
16i va thyc hién mot phép chiéu lén tap 16i C. Trong khi ddi véi cac phuong phap
khac, tai mdi bude lap ching ta thudng phai gidi mot hoac mot s6 bai toin phu dan
dén chi phi tinh toan 16n hon. Tit nhitng wu diém trén, trong muc nay ching to6i phat
trién, mé rong phuong phap chiéu dusi dao ham xap xi cho bai toan can bang hai cap
BEP(C, g, f).

2.1.1 Thuat toan
Bay gio, ta dua ra mot s6 gia thiét sau day.

(A1) V6i mdi x € C, ta ¢6 g(z,-) khad dudi vi phan tren C, g(z,-) va f(z,-) 16i va
nita lién tuc dudi trén toan khong gian H. Hon nita, néu {z*} bi chan trén C va
ex \( 0 khi k — oo, thi day {w*} véi w* € 95+ g(x*, 2*) cling bi chan.

(A) Song ham g gia don di¢u trén C' va thdéa man diéu kién para-don diéu. Nghia 1a,
voi moi z* € Sol(C, g)

zeC:g(x,2")=g(z",2) =0=2 € Sol(C, g).
(A3) V6i moi y € C, ta c6 g(-,y) 1a nita lien tuc trén yéu trén C;
(A4) Tap nghiém Sol(C, g) khéc rong;

(As) V6i moi € > 0, thi 95f(z, z) lien tuc Lipschitz v6i hang s6 L > 0 va S-don diéu
manh trén H.



Thuat toan chiéu dudi dao ham xap xi gidi bai toan BEP(C, g, f) duge mo ta dudi
dang sau.
Thuat toan 2.1. (Thudt todn chiéu dudi dao ham zap i)
Khdéi tao. Lay 2° € C bat ky, € > 0 vd cac day sb6 thuc duong {ex}, {5},
{& ) Amet {or}, A}, gdn k:=0.
Budéc 1. Tinh
M = Po(yF — ). (2.1)
Trong do,
(9" € 05 g(a*,a),
a = 2=, voi = max{py, | ¢"[1},

y* e C:(apgt +yF —2F x —2F) > —&, Ve,
(u* € 5 f(y*,y").

Budc 2. Néu |81 — 2| < e thi thuat toan dimg. Ngugc lai, gan k= k+1, va
quay ve Budc 1.

2.1.2 Su hoi tu

Trudce hét ta c6 bo dé sau day.

B dé 2.2.Gid st C la mot tap con 1oi déng khdc 1ong ciia khong gian Hilbert thue H.
Song ham g : CxC — R théa man g(x,x) = 0 vdi mei x € C va vdi moix € C, g(x,y)
103, khd dudi vi phdan va nita lien tuc dudi trén C theo bién y. Vi moi € > 0, néu g
la, B—don dieu manh trén C,05g(x, x) la lién tuc Lipschitz vdi hang s6 L > 0 trén C,

dong thoi khdc rong va compact vdi moi x € C, thi dnh za da tri

S(z) ={z — 7w, 1w, € O59(z,2)}, Vo €C

la 2/Te—co véi hing s6 § = \/1 —7(28 — TL?), trong dé T € (0; i_é)
Gia stt cac day {ax}, {ex}, {8e}, {& s {mn )} {or}, {7} thoa man

)
0<7<p,
. 2(8—T1 = =
e <min {8,552 15} 20 e = 00, 32 <
. k=0 k=0
Tk’gnkaZTk<oo’
k=0 s (2.3)
O = 2(agex + Bi + &), limpso0 T8 = 0,
. 8 o 52 =
1Ilfk,0k;:p>0,zp—::OO,ZBk<OO>ZBk:OO>
k=0 k=0 k=0
Bk . o
ak:%,Zakek<oo,Z£k<oo.
\ k=0 k=0
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Mot vi du ve cac day s6 théa man (2.3) lany, = Wllo’ ok = 200+k, B = #ﬂ, & =
T = € = 0 . Su hoi tu ctia thuat toan 2.1 t6i nghiém cta bai toan BEP(C, g, f) dugc
chiing to6i phét biéu thong qua dinh 1y sau.

Dinh 1y 2.1. Cho C la tdp con loi déng khdc rong cia khong gian Hilbert thuc H.
Cdc song ham g: C x C — R va f:H x H — R théa man cdc dieu kien ti (Ay) dén
(As). Goi {z*} la day sinh ra bdi thudt todn 2.1. Khi dé dudi cic diéu kién (2.3) ciia
tham so, cdc day {x*} va {y*} hoi tu manh vé nghiem duy nhat ciia bai todn can bang

hai cip BEP(C, g, f).

2.1.3 fJ’ng dung cho bai toan can bang véi rang budc la giao cua
tap nghiém bai toan can bing va tap diém diém bit dong
Goi C 1a mot tap con 161 déng khac rong trong khong gian Hilbert thuyc H, xét cac
song ham can bang g : C x C — R, f : H x H — R va anh xa khong gian S : H — H
tic 1a,
15(z) = SW)Il < [lz = yll, Yo,y € H.
Trong muc nay, ching to6i mé rong thuat toan 2.1 cho bai toan téng quat hon sau
day:

Tim z* € Q sao cho f(z*,z) >0, Vo € Q, (2.4)
trong d6 Q := Sol(C, g) N Fix(S) v6i Sol(C,g) :={x € C: f(z,y) >0, Vy € C} va
Fiz(S) :={x € C:S(x) =z}. Khi S la anh xa don vi I, bai toan (2.4) tré thanh bai
toan can bang hai cap BEP(C, g, f). Thuat toan dugc mo ta chi tiét nhu sau.

Thuat toan 2.2.

Khdi tao. Lay 2° € C bat ky, € > 0, va cac day s6 thue duong {e}, {8}, {& ),
{ne} {px}, {7}, gén k:=0.
Buvde 1. Tinh
:Ck—i—l — Pc<yk . nkuk)' (2'5)
Trong do,

p

gk € agkg(xk’xk)7 O = %7 Ve = maX{pk7 ||gk||}a

y* € C sao cho (ozkgk +yF — a2 — CL’k> > —&, Vo e C,
g" =yt + (1 — ) S(yF),

| uF € 03" f(§", ).

Budc 2. Néu ||z**! — 2F|| < e thi thuat toan dimg. Ngugc lai, gan k:=k +1, vi
quay ve Budc 1.
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Su hoi tu clia thuat toan 2.2 dugce phét biéu thong qua dinh 1y sau.

Dinh ly 2.2. Goi C la mot tap con loi déng khdc rong trong khong gian Hilbert thiic
H. Gid st cac song ham cin bang g : C x C — R, f: H x H — R théa man cdic diéu
kien (A1) — (A3), (As) va Q # 0, dong thoi cdc dieu kién (2.3) va0<e <y <e<1,
kh_)rgo Y = h € [e,€] dugc théa man. Khi dé cic day {a*}, {y*} sinh ra tu thuat todn

2.2 hoi tu manh téi nghiém duy nhdt cia bai todn (2.4).

2.2 Thuat toan du6i dao ham tang cuong quan tinh

Trong nhing nam gan day, thuat ngit quan tinh da dugc st dung kha phd bién
trong cac thuat todn giai bai toan bat dang thic bién phan. N6 dude coi 1a mot ki
thuat dé tang tdc do hoi tu clia cac thuat toan. Diém chung ciia cac thuat toan kicu
quan tinh 13 day lap hién tai phu thuoc vao sy két hop clia hai day lap truée d6. Su
thay doi nhé nay da gitp cai thien dang ké hieu qua tinh toan ciia cac thuat toan kiéu
quéan tinh. Gan day, nhiéu nha nghién citu da 4p dung thuat toan kiéu quan tinh vio
giai cac bai toan bat dang thiic bién phan, diém bat dong, bai toan can bang, bai toan
chap nhan tach va mot s6 bai toan téi wu khac. Hon nita, hiéu qua tinh toan ciia cac
thuat toan kiéu quan tinh da dugce chi ra thong qua nhiéu vi du tinh toan sé va ting
dung.

Trong muc nay, ching toi két hop phuong phap dudi dao ham ting cuong véi ki

thuat quan tinh dé gidi bai toan can bing hai cap sau day:
Tim z* € Q sao cho vh(z*,y) + (pF(z*) — 2",y — 2¥) > 0, Vy € Q, (2.7)

trong d6, p > 0, v > 0, Q := Fix(T) N Fiz(S) N Sol(C, g) va Sol(C, g) := {z* € C :
g(z*,y) >0, Yy € C'}, nghia la Sol(C, g) 1a tap nghiém clia bai toan can bang sau:

Tim z* € C sao cho g(z*,y) >0, Yy € C.

O day, T, 5, F la cac anh xa tit H vao H. Céc tap Fiz(T), Fiz(S) 1a tap diém bét
dong ctia T" va S tuong ng.

Dé thay, néu dat f(z,y) := h(z,y) + (pF(x) — z,y — ) thi song ham f théa man
diéu kién can bang f(z,y) = 0, Vr,y € H. Dong thoi bai toan (2.7) tré thanh ban

toan can bang sau

Tim x* € 2 sao cho f(z*,y) >0, Vy € Q.

2.2.1 Thuat toan
Chiing toi gia thiét dat len cac song ham va anh xa gia nhu sau:
(B1) Tap nghiém ctia bai toan (2.7) khac rong;
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(B2) Anh xa T : H — H tiem can khong gian;
(Bs) Anhxa S:H — H la (—gia co chit;

(B4) Song ham g gia don diéu, lién tuc kiéu Lipschitz v6i cdc hiang s6 ¢y, c. Véi moi
xr € H, thi g(x,-) va h(z,-) 12 161 vd kha duéi vi phan trén toan by khong gian
H, dong thoi g(-, z) lien tuc yéu trén H;

(Bs) Anh xa da tri dyg(z, z) 13 L— lién tuc Lipschitz theo bién = € H;

(Bg) Néu zF — & va w® € dyg(2¥, 2%), thi ton tai day con {wh} cta {w"*} sao cho

wh — 1) € Dag(%, 3);

(B7) Song ham h la a—don dieu manh, dyh(z, x) lien tuc Lipschitz véi hdang sé n > 0
va y—lién tuc manh, dong thai 1a tap compact v6i méi x € H c6 dinh;

(Bs) Anhxa F : H — Hla f—don diéu manh va x—lién tuc Lipschitz sao cho § < 7 :=
1—+/1 — p(28 — pr?), trong d6 p € (0, i—?), v e (0, %—3‘) vad = /1 —vQ2a—vn?).

Dong thoi cac tham s6 chinh quy théa man

({ozk} C (O’l)ﬁch—{goak = O,Iiak = 00

{or} € [0,1], 8, > 0,9 > 0,6, > 0,

<sup{ k;>1}<oo,ﬁk+7k+6k:1, (2.8)
lim a_l;i =0, (% + )¢ < Yy

0< hmmfﬁk < limsup f; < 1 hmlnfék > 0.

\ k—o00

Ta ¢ céo day 0 o = sy Ok = 0,1+ 350 7k = 0,25(1 — Br), 0 = 1 — By, —
Vi, O = 4k+9 théa man (2.8). Thuat giai cho bai toan (2.7) duge mo ta nhu sau:

Thuat toan 2.3. (Thudt todn dudi dao ham tang cuong qudn tinh)

Khai tao. Lay xg, 1 € H,e > 0 va cac tham s6 v € (0,400),1 € (0,1), u € (0,1),
gan k := 0.

Buéc 1. Dat w* = T*z* + o4 (T*2* — TF2*~1). Tinh
k - k 1 k|2
y" = argmin y Tog(w”, y) + glly —w|Ty € O

v6i p* € ag(wk, w”) v 1 = 1™ duge chon 14 s6 7 bé nhat thuoc {v, v, v, -}
thoa man 0 < 7, < £ < min{i, ﬁ} va diéu kién kiéu Armijo
T[[6" = Paygiye oy ()| < pllw® = °]). (2.9)
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Bwoc 2. Tinh
. 1
o = argmin { g4 0) + glly — s € G,
trong d6 Cy := {z € H: (w* — 0" — y*, z — y*) <0},

v6i WF € dhg(w, y¥) sao cho C' C Cy.

Budc 3. Tinh
2F = 0 + (I — appF) T,
6 day
eF = b — ek, va €8 e Byoh(aF, &)

Buvéc 4. Tinh
o = 5kl’k + vkzk + (SkSZk. (2.10)

Bude 5. Néu |2"+t! — 2%|| < € thi thuat toan dimg. Nguge lai, gan k := k + 1 v&
quay lai Budc 1.

2.2.2 Két qua héi tu
Dinh 1y 2.3. Néu TFzk — T+ 2k — 0, th

) Lo et =t 0,
" — 2™ khi va chi khi
¥ —yF =0,

trong dé, x* € Q la mot nghiém cia bai toan (2.7).

2.3 Kaet luan chuong 2
Sau day 1a mot s6 két qua chinh thu duge trong Chuong 2 nay.

(a) Xay dung thuat todn chiéu dudi dao xap xi cho bai toan can bang hai cap
BEP(C, f, g) trén khong gian Hilbert H, véi song ham gia cap 2 don diéu manh
va song ham gia cap 1 gid don diéu. Trong thuat toan ciia ching toi, tai moi
vong 1ap chi can tinh cac duéi dao ham ctia song ham gia theo bién thit 2 va thuc
hién mot phép chiéu lén tap rang buoc C. Duéi cac dieu kién thich hop ching
toi da chi ra dude sy hoi tu manh ctia thuat toan vé nghiem duy nhat ctia bai
toan BEP(C, g, f).

(b) Dé xuat thuat toan dudi dao ham tang cuong két hop véi ky thuat quan tinh
cho bai toan can bang hon hop véi rang buoc 1a giao ciia tap nghiém bai toan
can bang va cac tap diém bat dong clia anh xa tiém can khong gian, 4nh xa gia
co chit. Chitng minh sy hoi tu ctia diy lip vé nghiém ctia bai thong qua Dinh
Iy 2.3.
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(¢) Ap dung Thuat toan 2.1 cho bai toan can bing véi rang buoc la giao tap diém
bat dong ctia anh xa khong gian véi tap nghiém clia mot bai toan can bang. Két

qua hoi tu duge chi ra trong Dinh 1y 2.2.

(d) Lay cac vi du s6 minh hoa cho Thuat toan 2.1 va so sanh két qua véi mot s6
thuat toan trude do.
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Chuong 3

PHUGNG PHAP PAO HAM TANG CUONG

Phuong phap dao ham tang cuong duge dé xuat béi G.M. Korpelevich cho bai toan
tim diém yén ngua, sau d6 duge ap dung cho bai toan bat ding thiic bién phan don
dieu va gid don dieu. Dén nam 2014, T.D. Quoc va cic cong sy da md rong phuong
phép nay cho bai toan can bang EP(C, g). Trong céc vi du minh hoa s6 ctia minh cac
tac gia cting da chi ra dugce tinh wu viét cua thuat toan dao ham tang cuong so véi
thuat toan diém gan ké. Sau nay thuat toan tiép tuc dudc cai tién bdi mot s6 tac gia
nhu P.N. Anh (2013), Y. Liu, H. Kong (2019)...

Trong chuong nay, chiing téi nghién cttu mé rong phuong phap dao ham tang cudng
cho mot 16p bai todn can bang hai cap BEP(C, g, f, ®) c¢6 dang

Tim z € Sol(C, g, ®) sao cho f(z,y) >0, Yy Sol(C,g,P). (3.1)

Trong do, f, g la cac song ham tit H x H vao R théa man diéu kieén can bang f(z,z) =
g(x,x) =0, Vx € R, & : H — R la mot ham 16i va Sol(C, g, ) 1a tap nghiem ctia bai
toédn can bang EP(C, g, ®):

Tim 2™ € C sao cho g(z*,y) + ®(y) — ®(2*) >0, Vze C. (3.2)

Dé thay khi @ = 0, bai toan BEP(C, g, f,®) tré thanh bai toan can bang hai cap
BEP(C,g, f). Khi f =0 va g =0, n6 tré thanh bai toan OP(C, ).

Trong thuat toin ma ching toi dé xuat, tai moéi bude lap ching toi thie hién giai
ba bai toan t6i uu 16i manh. Tt =¥ da biét ching toi giai bai toan thi nhat ducc
nghiem duy nhét va gan cho y*. Sau khi c¢6 y* ching t6i thic hien giai bai toan thi
hai va gan nghiem cho z*. Sau khi c¢6 z* bai todn tht ba duge giai va nghiem dugc
gan cho z**1. Ching toi st dung diéu kien ditng kha pho bién 1a ||2*+! — 2%|| < € véi €
14 s6 duong cho truée. Noi dung chinh ciia Chuong 3 duge duge viét dua trén két qua
trong cong trinh [CT2].

3.1 Thuat toan

Thuat gidi dao ham tang cudng giai bai toan BEP(C, g, f, ®) véi cac gia thiét dudi
day.
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(C1) Sol(C,g,®) # 0

(C3) Song ham g la don dieu, lien tuc Lipschitz véi cac hang s6 c1, ¢ va lién tuc yéu,

tie la: 2% — 2 va y* — § = g(2%, %) — g9(2,9);
(C3) Ham @ chinh thuong, 16i va nita lien tuc dudi;
(C4) Song ham f 1a n- don diéu manh va lién tuc yéu;

(C5) Ton tai cac anh xa f; : C x C = Hva f; : C — H v6i mdi i € {1,...,m} sao cho

filw,y) + fily, x) = 0, || f(z, )| < Lille = yl| va || filx) = fily) ]| < Lillw — yl| voi
moi z,y € C va

Play) + 7(9.2) 2 Jlw.2) + 3 (Flaw), fily =2)) Ve, z € C.

i=1
Thuat toan 3.1. (Thuat toan dao ham tdng cuong)
Khdi tao. Lay 2° € C bat ky, e > 0 va gan k := 0.
Budc 1. Tinh
y*F = argmin { \g[g(2%,y) + ®(y)] + 5lly — 2*[|* : y € C}

2 = argmin {\[g(y", 2) + @(2)] + 3]z — 2*||*: 2 € C}.

Bwoc 2. Tinh .
2F = argmin {ka(zk,t) + §Ht —2F|? it e C’} :

Bude 3. Néu ||z**! — 2%|| < e thi diing thuat toan. Nguge lai, gan k:=k+1 vi
quay tré lai Buwdc 1.

3.2 Su hoi tu caa thuat toan
Dat S =) L;L;. Chon cac tham sb Ai(k > 0), Bk sao cho
i=1

{\} C (a,b) C (O,min{ﬁ,ﬁ}) ’kh—>nolo)\k =\>0,
Br N\ 0,28 — BpS% < 1, (3.3)

: : 2m—2r 2
0 <7 <min{n,S},0 < Br <min {1, 2= 21

Khi d6, & := /1 — 2B + B252% € (0,1). Cac tham s6 £ = 61,n = £ — 57,9677, 5 =
V2(26% + 26+ 1) + 58,9677, 1 = ¢3 = 5, M\ = 5= B = kg thoa man (3.3).
Tiép theo, chiing t6i phéat biéu va ching minh dinh 1y hoi tu ctia thuat toan 3.1.

16



Dinh 1y 3.1. Gid st rang cac gid thiét (C1) — (Cs) dugc théa man va cdc tham soé
théa man (3.3). Khi dé, cic day {o*}, {y*} va {2*} sinh ra tu thudt todn 3.1 hoi tu
manh tdi nghiem duy nhat x* cia bai toan BEP(C, g, f,®).

3.3 Két luan chuong 3

Trong chuong nay, chung téi ap dung phuong phap dao ham tang cuong cho bai
toan can bang hai cap BEP(C, g, f, ®) v6i mién rang buoc can bang hon hop. Cac két
qua chinh thu duge nhu sau:

(a) Dé xuat thuat toan dao ham tang cuong cho bai toan BEP(C, g, f, ®) trén khong
gian Hilbert H, tai méi budc lap clia thuat toan, chting toi chi can giai ba bai

toan t6i vu 16i manh.

(b) Chiing minh sy hoi tu ctia day 1gp sinh ra béi thuat toan 3.1 vé nghiém duy nhat
cia bai toan BEP(C, g, f®) dudi cac dieu kien thich hop.

(c) Ung dung thuat toan cho mo hinh can bing kinh té Nash - Cournot va so sanh

két qua v6i mot so6 thuat toan trude do.
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Chuong 4

NGUYEN LY BAI TOAN PHU DC

Nguyén 1y bai todn phu duge dé xuat lan dau tién bdi G. Cohen vao nam 1980 cho
bai toan toi wu. Sau do, nam 1988 chinh G. Cohen mé rong cho bai toan bat dang thiic
bién phan va né da tré thanh mot cong cu hitu hiéu cho viéc phan tich, phat trién céc
thuat giai cho cac bai toan t6i uu néi chung va bai toan bat dang thic bién phan noi
rieng. Gan day, G. Mastroeni da st dung nguyén ly nay cho bai toin can bang don
diéu manh:

20 € C, k= 0;
M = argmin{\ f (2%, y) + 3|y — 2*||* 1 y € C}.

Tuy nhién, cac day lap trong thuat toan nay c6 thé khong hoi tu, khi anh xa gia
don dieu hosic gid don dieu. Dé khic phuc diéu nay, T.D. Qubc va cong su mé rong
phuong phap dao ham ting cuong ciia G.M. Korpelevich gidi bai toan can bang don
diéu. Day lap c6 dang sau:

2eC k=0
Yk = argmin{)\f(xk,y) + %Hy — ZL’k"H2 cyeC}
2" = argmin{\f(y*,y) + L|ly — 2¥|* 1y € C}.

Tai moi budce lap, thuat toan gidi hai bai téi wu 161 manh.

Trong chuong nay, véi viéc két hop nguyen ly bai toan phu néi trén véi ki thuat
phan tich DC cho viéc tim nghiém ctia bai toan bat dang thiic bién phan affine. Chiing
toi gi6i thieu phuong phap nguyén 1y bai toan phu DC, gidi bai toan can bang trén
tap nghiem bai toan bat dang thic bién phan affine. Noi dung chinh ctia chuong nay
duge viét dya tren bai bao [CT3| trong danh muc cac cong trinh lien quan dén Luan

an.

4.1 Nguyén ly bai toan phu DC

Cho C 1a mot tap con 16i déng khac rdng ctia khong gian R”, f : C x C — R 1a
mot song ham gid thoa man diéu kién can bang f(z,z) = 0 véi moi z € C, va G 1a

mot toan ti tit C' vao R”. Bai todn can bang véi rang budc bat dang thiic bién phan
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(the lexicographic equilibrium problems) dugce dinh nghia nhu sau:

Tim x* € Sol(C, G) sao cho f(z*,z) > 0, Va € Sol(C, G), (4.1)
trong do, tap Sol(C, @) dugce xac dinh nhu sau

Sol(C,G) :={x e C:(G(x),y—x) >0, VyeC}. (4.2)
Véi G : C'— R” la anh xa affine cho béi G(z) = Qz +q, C = {zx € R" : Az > b}, vdi
ma tran Q € R™" d6i xitng, ma tran A € R™ " va cic véc to ¢ € R", b € R™. Khi
q = 0, M.S. Gowda (1989) da chi ra rdng ma tran @ 14 ma tran gia don di¢u tren C
tuong duong véi G la gia don diéu trén C.
Thuat toan ching toi dé xuat v6i mot sé gid thiét dat ra nhu sau:

(D) Anh xa G gi4 don dieu, song ham f 1a don dieu manh véi hing s6 3 > 0;

(D3) Song ham f thoa man diéu kién Lipschitz v6i hang s6 k := Y., L;K;, trong do
k > 3, nghia la, ton tai cac hang s6 L; > 0 va K; > 0, cic anhxa a; : CxC — C
va &; : C'— C sao cho, v6i moi z,y,z € C,i € {1,...,1},

Flo,y) + f(y,2) > flw,2) + D (@(n,y), dily — 2)),

1=1
ai(z,y) + aiy, ) =0, [lai(z, y)|| < Lillz = yll,
di(z) — qi(y)|| < Killz - ylf;

(D3) Ham f(z,-) 16i v6i méi o € C. Moi day {y*} C C théa man y* — d, ta c6

£ (dy)] .
F—d] < T

lim sup
k—o0

(Dy4) Ki hieu I 1a ma tran don vi. Tham s6 7 thoa man diéu kién

2 _9 2 2
B s
. 2(8 — 1)
0<7< mln{ﬁ, \/5/%}7 0<ap < m,
Zozk =+o0, lim a; =0, (4.4)
1 k—o0
@ + nl la ma tran xac dinh duong . (4.5)
Cho ma tran
1 =20 ... 0 —10)
1 -5 7 0 ... 0 —7
-2 7 6 0 ...0 0
Q= : : : : ’
0 0O 0 0 ... 6 3
\-10 -7 0 0..3 -9/
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v6i n = 10, khi d6 cac tham s6 xk = 3,9226, 3 = 0, 1409, n = 210, a, =
cac dieu kien (Dy).

Thuat toan cua ching t6i duge mo ta nhu sau

1 2 ~
55130 thoa man

Thuat toan 4.1. (Thudt todn nguyén ly bai toan phu DC)
Khdi tao. Lay diem 2° € C bat ky, e > 0, gan k := 0

Bude 1. Tinh

1
y* = argmin {§<Qx,x> + (g, x) + g||:v —2h?x e C’} . (4.6)

Buwode 2. Tinh

. 1
o4t —anguin {auf04,0) + 5l =0 Pivech. @D

Bude 8. Néu |z*tt — 2%|| < € thi thuat toan dimg. Nguge lai, gan k := k + 1 va
quay tré lai Budc 1.

4.2 Dinh Iy hi tu

Dinh 1y Iy dué6i day chi ra rang, day lip ctia thuat toan 4.1 hoi tu vé nghiém cia
bai todn (4.1) dudi nhiing gia thiét thich hop.

Dinh ly 4.1. Gid st cdc diéu kién tw (D) dén (Dy) dugc théa man. Khi dé, cic day
{2*} va {y*} sinh ra t thudt todn 4.1 hoi tu téi nghiém duy nhat cia bai todn (4.1).

4.3 Sai s6 thuat toan

Trong trudng hop f 1a song ham va tap C tong quat, bai todn (4.7) bao gdm nhiéu
loai bai toan téi wu co dién trong thuc té, chang han nhu: Bai toan tdi wu trén tap do
thi, t6i wu mang, quy hoach nén, quy hoach hinh hoc, quy hoach 16i don dieu, diéu
khién dit doan mo hinh . ... Hién nay, c6 nhiéu phuong phap tb6i wu da dude ap dung
cho bai toan (4.7) nhu: Phuong phap diém trong, phuong phap huéng gidm va huéng
giam nhanh, phuong phap gidm cé diéu kién, phuong phéap tach, phuong phéap toa do
gbc va phuong phap kieu huéng giam ngau nhién. Tuy nhién, viéc giai bai toan phu
(4.7) dé tim nghiém chinh xac 14 mot viéc khong dé. Chinh vi vay, mot sé phuong
phap xap xi gidi bai toan phu trén véi nhiing cai tién hop ly da duge dé xuat nhu
trong nghién ctu cia D. Han (2007), E. Zeidler (1986), L.C. Zeng, J.C. Yao (2005)....
Diéu kién ding cho thuat toan 4.1 nhu sau:

y* — argmin {%(Qx,@ + (g, x) + gH:L‘ — 2Nz e C}H <€, (4.8)
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va

1
51 _ argmin {af(y’“,y) -y e O}H <e (4.9)

V6i méi x > 0, ky hiéu y—tap nghiém ctia bai toan (4.1) la Sol,. Khi d6, Sol, = {z* :
[ — 2| < x}. Dat

T :argmin{%(@x,x)Jr<q,x>+ng—ka2:xEC}
#F = argmin {af (9%, y) + Ly — 9|*:y € C}.

Muc dich chinh ctia chiing t6i trong muc nay la nghién cttu sy hoi tu cia cac day
lap xap xi (4.8)-(4.9). Gi4 st rang, ton tai ¢ > 0 va § > 0 sao cho

C C B(z*,0), f(C,C):={f(z,y):z,ye C}C B(0,9). (4.10)
Ta chon céc tham s6 thda man diéu kién (2.8) va
0<e<é € >2a(0+ro)+e(1+A)>?

L &2 271(Q o2
Ly = g gy + 2290 — 20(0 + ko) — (1 + A)2 > 0.

(4.11)

Dé § ring lim, oo [y = € — 2a(d + ko) — €2(1 + A)* > 0, bdi vay, ton tai tham so
n > 0 sao cho diéu kién (4.11) dugc théa man.
Ta ¢6 dinh 1y sau:

Dinh ly 4.2. Gid st rang cdc dieu kien (D1) — (Ds), (4.3)-(4.5), (4.10) va (4.11) dugc
théa man. Cung vdi cdc gid thiét sau

(i) ad < €,

(i) ton tai so nguyén duong K sao cho K > %,

(iii) cde day {=*} va {y*} dugc dinh nghia bdi (4.8)-(4.9).
Khi dé, ton tai so6 nguyén j € [0, K] sao cho

(a) fl27 — ¢l < 26

(b) ||z* — 9| > 2€ vdi moii=0,1,...,5 — 1;

(c) 27 € Sol, trong dé € := 2€ + 3e.
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4.4 Két luan chuong 4

Véi sy két hop gitta nguyén 1y bai toan phu cho bai toan can bang va ky thuat
phan tich DC cho bai toan bat ding thic bién phan affine, trong chuong nay, ching
toi dé xudt mot thuat toan mdi giai bai toan can bang véi rang buoc bat déng thic

bién phan affine. Két qua cu thé thu dugc trong chuong nay nhu sau:

(a) Xay dyng thuat todn nguyén ly bai toan phu DC cho bai toan can bang véi tap
rang buoc la tap nghiém ciia bai toan bat dang thic affine. Duéi céc diéu kien
phtt hop ching toi ciing chi ra duge sy hoi tu clia day 1ap vé nghiém clia bai toan

(4.1).

(b) Ching toi ciing chi ra dugce rang cac day xap xi véi do chinh xac € cho trude sinh
ra tit thuat toan ciing hoi tu vé mot diem thuoc tap y-nghiém nao dé thong qua
dinh 1§ 4.2.

(c) Lay cac vi du minh hoa s6 cho thuat toan ching t6i dé xuat. Vi du thit nhét cho
két qua nghiem xap xi sau 25 vong lap, vi du thit hai ching t6i so sanh véi cac
thuat toan SPA va thuat toan SEA.
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KET LUAN

Luan an tap trung nghién citu dé xuat cac thuat toan mdi gidi cac 16p bai toan
can bang hai cap. Cac thuat toin mdéi dude nghién ciu dua trén cidc phuong phap
chiéu téng quat, chiéu dudéi dao ham, nguyén 1y bai toan phu va cac ki thuat trong
Ly thuyét toi uu.

1. Nhitng két qua chinh da dat dugc trong luan an:

e Thuat toan chiéu dudi dao ham xap xi cho bai toan can bang don diéu manh véi
rang budc can bang gia don dieu (thuong duge goi 1a bai toan can bang hai cap
don di¢u). Thuat toan nay duge ching to6i phat trién tit thuat toan chiéu cta P.
Santos va cong sit trong cho bai toan can bang gia don dieu. Uu diém ciia thuat
toan chinh 1a sy don gidn trong tinh toan tai mdi budc lip. Két qua nay ducc
thé hién trong cong trinh [CT1].

e Thuat toan dudi dao ham ting cudng két hop véi ki thuat kiéu quan tinh cho
bai toan can bang véi rang budc 1a giao clia tap nghiém bai toan can bing gia
don dieu véi tap diém bat dong ciia cac anh xa tiém can khong gian va gia co
chit. Bing viéc st dung k¥ thuat kiéu quan tinh céc két qua thit nghiem sé da
chi ra rang téc do hoi tu ciia thuat toan dugc cai thien dang ké. Két qua nay
dugce thé hién trong cong trinh [CT4].

e Thuat toan dao ham tang cudng cho bai toan can bang véi rang budc can bang
hén hop. Thuat toan nay con duge goi la thuat toan chiéu hai lan téng quat
dugc phét trién tit phuong phap dao ham tang cudng ciia G.M. Korpelevich cho
bai toan tim diém yén ngua. Tinh hitu hiéu ctia né da dude chitng minh trong

ca ly thuyét 1an cac vi s6. Két qua nay dude thé hién trong cong trinh [CT2].

e Thuat toan nguyeén 1y bai toan phu DC cho bai toan can bang véi rang buoc bat
déng thic bién phan affine. Nhu ching ta da biét, k¥ thuat phan tich hieu hai
ham 16i dugc st dung rat hiéu qua cho bai toan quy hoach khong 16i néi chung
va bai toan quy hoach toan phuong néi rieng. Dya vao mdi lien heé gitta bai toan
bat ding thiic bién phan affine va bai toan quy hoach toan phuong, ching toi
ap dung k¥ thuat phan tich DC két hop véi nguyén 1y bai toan phu va thu dugde
mot thuat giai rat hitu hiéu cho bai toan can bang hai cap. Két qua nay dudc
thé hién trong cong trinh [CT3].
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e Mot s6 tinh toan minh hoa cho thuat toan dé xuat trén, ap dung cho mo hinh
can bang kinh té Nash-Cournot. So sanh két qua véi cac thuat toan da duge de

xuat trude do.

2. Mot s6 huéng cé thé tiép tuc nghién citu ctia luan an
Sau day la cac huéng ma ching t6i sé tiép tuc nghién cttu sau khi hoan thanh luan

an nay.

e Cai thién téc do cling nhu thoi gian tinh toan ciia cic thuat toan da dugce dé
xuat bang cach két hop v6i mot s6 ki thuat nhu ki thuat quan tinh, lip Halpern,
lap Mann, .. ..

e Nghién citu danh gia téc do hoi tu ciia thuat toan, cach chon tham s6 dé c6 dugc
sy hoi tu tot hon.

e Nghién cttu cidc thuat toan nhiam gidm nhe cac dieu kién ap lén cac song ham
gia, dac biet 1a song ham gia ¢ cap thit hai ciing nhu gidm s6 phép chiéu lén tap
rang budc C' tai moi bube ldp ctia thuat toan.

e MGd rong nghién citu phuong phap giai cho bai toan can bang nhiéu cap hon nhu

ba cap, bon cap, ...
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